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Abstract
The role of time in the development of higher organisms is obvious. Starting with a single cell, development requires a chain of linked pattern-forming processes. In biology, all processes are achieved
by the interaction of molecules. Pattern formation in space requires that local concentration maxima
emerge from originally more or less homogeneous initial distributions. Such maxima act as signaling centers, i.e., as organizing regions, instructing the surrounding cells to allow a position-specific
behavior. Spatial patterns are generated by reactions in which particular molecules have a strong
positive feedback on their own production rate. This self-enhancing reaction has to be balanced by
a more rapidly spreading antagonist. The theoretically predicted interactions found full support by
more recent observations on the molecular-genetic level. If the antagonistic reactions have a longer
time constant, the same type of interactions can also lead to patterns in time, including sustained
oscillations, spike-like activations and travelling waves. These mechanisms are universal and drive
also pattern formation in the non-animated world, for instance, in the formation of sand dunes,
lighting, or in the ups and downs of the stock marked.

1. Introduction
The complex structure of a higher organism emerges in the course of time during its development. Head, tail, arms, legs, blood vessels, etc. appear at the correct position and at
the correct time. The perplexing similarity of identical twins indicates that the enfolding of
these patterns occurs under the control of genetic information. However, reference to the
genetic information does not provide in itself an explanation of this most fascinating process.
The genetic information is essentially the same in all cells. Thus, the question is: how is it
achieved that different parts of the developing embryo form different structures?
The final structure of an organism cannot reside in a hidden form already in the fertilized
egg. Removal of some parts during early developmental stages is frequently compensated
by regeneration of the structures removed. This suggests that a communication takes place
between the cells that allows for a self-organized and self-regulating patterning. The system
detects whether parts are missing; if yes, other cells are reprogrammed such that normal
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development can follow. An early chick embryo, for example, can be subdivided into several
fragments and each fragment develops into a complete embryo, showing that at an early stage
the future fate of the cells is not irreversibly determined [1].
It was a very important discovery that small particular nests of cells can obtain special
functions, acting as signaling centers, instructing the surrounding cells. Grafting such an
organizing region to an ectopic position can induce a whole set of new structures in the
surrounding host tissue, up to a complete supernumerary embryo [2]. But how are signaling
centers generated in the first place?
Usually the underlying mechanism on which a complex process is based cannot be directly
deduced from observations. Formulating a hypothesis is an essential step to bridge the gap
between the observations on the one hand and the underlying mechanism on the other. A
mathematical formulation of the hypothesis, i.e. a theory, allows checking whether the assumed mechanism is free of internal contradictions and whether the mechanism can account
indeed for the observations. The complexity of a higher organism seems to preclude a mathematical formulation. However, development can be separated into essential elementary steps
that are amenable to a mathematical description.
All processes in biology are thought to be under the control of molecules. Thus, a theory
has to describe the concentration changes of signaling molecules due to their production,
spread, degradation and, most importantly, due to their mutual regulation. If such a set of
equations is available, the concentration changes can be calculated for a short time interval.
Adding these changes to given initial concentrations provides the expected concentrations at
a somewhat later moment. Repetition of such calculations allows computing the total time
course of the expected distributions. In the first part I will discuss interactions that allow the
generation of stable concentration patterns in space. Subsequently it will be discussed how
these signals can be used to achieve a position-dependent stable cell determination and what
type of reactions allow a more fine-grained patterning in a reproducible way. More at the end
I will show that the same type of interactions can lead to patterns that never reach a stable
steady state, i.e., to patterns that change permanently in time. The pigment patterns on
tropical sea shells —representing a faithful time record of a highly dynamic one-dimensional
patterning process— will be used to illustrate some the underlying mechanisms.

2. Local self-enhancement and long-ranging inhibition as the driving
force of pattern formation
The generation of structures from initially structure-less situations is by no means restricted
to living systems. Clouds can emerge on the blue sky. Likewise, a sharply contoured lightning
may come out of a diffuse cloud. Rain, although distributed more or less evenly over the
landscape, can cause the formation of deep valleys by erosion (Figure 1). The formation
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of sand dunes may appear to be counterintuitive. Naively one would expect that the wind
distributes the sand evenly in the desert, but the contrary is the case: the formation of sand
dunes requires the blow of the wind. Together with Alfred Gierer I proposed that pattern
formation generally requires local self-enhancing processes that are antagonized by reactions
that act on a longer range [3, 4, 5, 6]. From the examples given above it is easy to see that
patterning in non-biological systems is also based on this mechanism (Figure 1). Similar
processes are also prevalent in social interactions. If several candidates want to be elected for
becoming president, they will try to enhance their own position and diminish that of their
competitors. Eventually, one “organizer” becomes selected, which is not so different from the
situation in biology.

Figure 1: Examples for pattern formations in the non-animated nature based on local self-enhancing
(autocatalytic) processes that are antagonized by reactions of a longer range. Sand dunes may arise
from sand deposition behind a minor wind shelter. This deposition accelerates further accumulation
of sand, and so on. Erosion proceeds faster at some injuries or slight depression. More water
collects in the incipient valleys, causing that the erosion proceeds there more rapid. Antagonistic
effects of long range make sure that the local self-enhancing reactions remain restricted in space and
amplitude. Sand or water that accumulates at a particular location cannot contribute to the process
at another position. Next to a river, no second river will be formed.

3. A prototype of a pattern-forming reaction: the activator-inhibitor
interaction
For biological pattern formation a straightforward molecular realization of this basic reaction
type can consist of a short-ranging substance —to be called the activator— that promotes,
directly or indirectly, its own production. This activator also regulates the synthesis of its
rapidly diffusing antagonist, the inhibitor. The latter slows down the autocatalytic activator
production (Figure 2). A homogeneous distribution of both substances in a small field would
be stable; an increase in the activator would be compensated by a corresponding increase
of the inhibitor, bringing the activator concentration back to the equilibrium level. In an
extended field, however, the homogeneous distribution of both substances is unstable. For
instance, a small local elevation of the activator will increase further due to autocatalysis.
29
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The locally increased inhibitor production is unable to regulate back the small surplus in the
activator production. It spreads in the surroundings, leaving the local activator elevation not
completely compensated. Thus, the local activator concentration will increase further while
the surplus of inhibitor down-regulates the activator at larger distances. A stable patterned
steady state is reached when a local activator maximum is in a dynamic equilibrium with the
surrounding cloud of the inhibitor (Figure 2). The activator maximum has all the properties
known in the literature for an organizing region. Thus, pattern formation depends critically
on this particular communication between the cells. Although diffusion of the signaling
molecules between the cells is a good approximation, the real process may be more complex.
Both the more localized activator and the more smoothly distributed inhibitor can be used
as a signal to instruct the cells. At the time the theory was proposed (1972), activatorinhibitor systems were completely hypothetical. Since then several systems have been found
that correspond to this scheme [6, 7, 8, 9, 10].
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Figure 2: A prototype of a pattern-forming reaction: the activator-inhibitor interaction [3]. (a)
A molecule —called the activator— that has a positive feedback on its own production (Equation
1). The activator also catalyses a more rapidly diffusing antagonist, the inhibitor. (b) In a larger
area a homogeneous distribution of both substances is unstable; a minute elevation will grow further.
The concomitantly produced inhibitor leads to a new patterned stable steady state. (c) Whenever
in a growing field a certain size is exceeded, a high activator concentration emerges at a marginal
position. The two antipodal positions become exposed to different signal concentrations although
the genetic information is the same in all cells. The pattern is self-regulating; after removal of the
region in which the activator is produced (arrow), the remnant inhibitor fades away and a new region
of high activator production forms in the remaining field. Pattern was initiated by small random
fluctuations in the ability to perform the patter-forming reaction (𝜌 in Equation 1)

4. An equation for a pattern-forming reaction
The following set of equations describes the local change of the activator 𝑎(𝑥) and inhibitor
concentration ℎ(𝑥) per time unit [3], for simplicity written here for a one-dimensional array
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of cells:
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Such equations are easy to read. Equation 1a states that the concentration change of the
activator 𝑎 per unit time (𝜕𝑎/𝜕𝑡) is proportional to a non-linear autocatalytic production
term (𝑎2 ). The autocatalysis is slowed down by the action of the inhibitor (1/ℎ). The second
term, −𝜇𝑎 describes the degradation; the number of activator molecules that disappear per
time unit is proportional to the number of activator molecules present (like the number of
people dying per year in a city is on average proportional to the number of inhabitants). The
autocatalysis must be non-linear (𝑎2 ) since the production must overcome disappearance by
the normal (linear) decay (−𝜇𝑎). This condition is satisfied if the active component is not
the activator itself but if two activator molecules have to form a complex that resembles
the self-activating component, a so–called dimer. The predicted dimer formation has been
shown meanwhile for several pattern-forming reactions [9, 10]. The factor 𝜌 describes the
general ability of the cells to perform the autocatalytic reaction. Its function is close to
what is described as competence in the literature. Slight asymmetries in the competence can
have a strong influence on the orientation of the emergent pattern (see Figure 4). The small
activator-independent activator production, 𝜌𝑎 , is required to initiate the self-enhancement at
low activator levels, for instance during regeneration (Figure 2c). The concentration change of
𝑎 and ℎ also depends on the exchange of molecules with neighboring cells. This exchange may
occur by simple diffusion; 𝐷𝑎 and 𝐷ℎ are the diffusion constants. However, other mechanisms
of spreading are possible as well. It is known, for instance, that cells extend very long and
thin filaments over several cell diameters [11].
Equation 1b can be read in an analogous manner. A necessary condition to enable spatial
pattern formation is that the inhibitor spreads more rapidly than the activator, i.e., the
condition 𝐷ℎ ≪ 𝐷𝑎 must be satisfied. In addition, the inhibitor must have a more rapid
turnover (𝜈 > 𝜇), otherwise the system will have the tendency to oscillate (see below).
The simulation Figure 2c shows that pattern formation becomes possible in growing fields
whenever a certain extension is exceeded. At this critical size the different diffusion rates
come into play. The first possible pattern is an activator maximum at a marginal position
since at the critical size space for only one slope is available. This is a most important
feature since in this way a polar pattern emerges; one end of the tissue becomes different
from the other – a crucial step in the generation of embryonic body axes. Monotonically
graded signals become available which allow a non–periodic activation of different genes at
different positions. Such a pattern formation is highly reproducible and does not depend
on details in the initial conditions. As it will be shown further below, it requires special
mechanism to maintain the polar pattern during further growth.
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Figure 3: Formation of periodic patters in a sheet of cells. (a) Smooth peaks emerge if the activator shows some diffusion. (b) A non-diffusible activator leads to isolated maxima; some initially
activated cells loose their activation in the course of time. (c) If the self-enhancement has an upper
limit, more cells can remain activated, although at a lower level; activated cells can appear at scattered positions. (d) Somewhat irregular stripes are formed if the activator diffuses moderately and
the self-enhancement saturates [3, 5, 6].

Periodic structures are formed in fields that are substantially larger than the range of the
inhibitor (Figure 3). Such patterns are required to initiate, for instance, hairs, feathers or
leaves. Very regular pattern are formed if the patterning occurs during growth. A new
maximum and thus a new structure will be inserted whenever the distance to the existing
maxima exceeds a critical measure.
In a pioneering paper, Alan Turing [12] showed already in 1952 that pattern formation is
possible by an interaction of two components with different diffusion rates. Such systems are
now collectively called reaction-diffusion systems, a term coined already by Turing himself.
However, most reactions in which two substances interact, have no pattern-forming capability
whatsoever, even if they spread with different rates. Pattern formation is possible if, and
only if, the condition given above is satisfied, i.e., if local self-enhancement and long-range
inhibition is involved. This condition is not inherent in Turing’s paper, although one can
show that his equation satisfies our condition [4, 13].

5. How to avoid supernumerary organizing regions
Embryos grow substantially but maintain nevertheless their polar character. If fields obtain
a size much larger than the range of the inhibitor, the formation of multiple maxima would
be expected. However, the formation of additional organizers would be a disaster since, for
instance, embryos with multiple heads or tails would result.
Nature found different strategies to avoid supernumerary organizers. One involves a feedback of the organizer on the ability of the tissue to perform the pattern-forming reaction,
the competence (𝜌 in Equation 1). Under this condition, with increasing distance from an
activator maximum, not only the inhibitor concentration but also the competence declines.
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Figure 4: Stabilizing a single organizing region in a growing field. (a) Pattern-forming reactions have
the tendency to generate periodic structures during growth. (b) A feedback of the generated pattern
on the competence, i.e., on the ability of the cell to perform the pattern-forming reaction (blue, 𝜌
in Equation 1), lowers dramatically the ability of distant cells to generate secondary maxima. (c)
The graded competence within a fragment orients the emerging pattern. (d) This model accounts for
the fact that fragments of the freshwater Hydra regenerate always with the original polarity; whether
cells of a fragment form the new head, a new foot, or remain body column depends on their relative
position [25, 26].

This makes the trigger of a new maximum much less likely and stabilizes the dominance of
the primary organizing region (Figure 4).
An analogy from social interaction may illustrate how such a stabilization of a single organizing region works. A president or any other figure in power usually has a strong tendency to
suppress others from taking over — a long-range inhibition. On the other hand, he promotes
individuals in his surroundings to obtain a higher ranking, to become ministers, etc. In this
way, the center of power generates a hierarchy. If the top position becomes vacant, due to
this non-uniformity that was building up in the course of time, a competition will commence
only between the few who have a high ranking in the hierarchy. Usually proximity to the former center is a strong advantage; someone more distant has a much reduced chance. Crucial
is that the competence, i.e., the ability to compete in this pattern-forming reaction, has a
much longer time constant compared with the time required to make the decision for the top
position. In the case of a vacancy, in the short time interval until a new ‘organizer’ is selected,
the ranking remains essentially unchanged. This example also illustrates what can happen
if the whole hierarchy collapsed, for instance, in a revolutionary situation. Many rivaling
centers and civil-war-like situations could emerge, with all their unpredictable consequences.
Taking together, a feedback of a pattern on the ability to perform the pattern-forming reaction
leads to a substantial stabilization of the resulting pattern, including that the pattern become
more size-independent. As it will be shown further below, also the opposite strategy is
used in nature. A negative feedback of a once established pattern on itself can lead to its
destabilization and thus to highly dynamic patterns that never reach a stable steady state.
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Figure 5: Model for the activation of several genes under the influence of a morphogen gradient. (a)
An analogy for detection of the highest level. Although the height of a flood can vary continuously,
the barrel can only come to rest at particular levels. A higher flood can lift the barrel to a higher
level; a lowering or a second lower flood has no effect. (b) The genes 1, 2, 3 and 4 are assumed
to have a positive feedback on their own activation. Due to a mutual competition only one of the
alternative genes can be active in a particular cell. Initially a default gene 1 is active everywhere.
Under the influence of the gradient, a switch to higher genes takes place. Each step requires a higher
signal concentration. Thus, the promotion comes to rest if the local concentration is insufficient to
activate a subsequent gene. Although the signal is smooth, sharply bordered regions emerge in which
a particular gene is active. The pattern of gene activity remains unchanged after a fading of the
signal, for instance, due to growth [5, 6].

6. Gene activation under control of a graded signaling molecule
The communication between neighboring cells by the exchange of molecules, for instance
by diffusion, is restricted to small sizes. For larger fields, communication by molecules that
spread by random walk would require too much time. Thus, signals generated at early stages
have to accomplish a position-specific, long-lasting determination of the cells. During further
growth, cells have to maintain the instructions their progenitors have received although the
evoking signals are no longer available. This requires stable gene activation, which can be
accomplished by a feedback of a gene product on the activation of its own gene. This mode
of activation leads to a switching behavior with sharp thresholds [5].
According to a classical model, several genes are activated in a position-specific manner by
a graded distribution of a single signaling substance. The local concentration of such a
morphogen is decisive for which of the genes becomes active in a particular cell. This leads to
the question of how cells can measure the local concentrations so precisely. At some levels,
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only a slightly higher concentration should cause the activation of a different gene without
any zone of transition.
Several observations in different systems can be accounted for by assuming that the cells
become stepwise and irreversibly ‘promoted’ under the influence of the morphogen. Figure 5
shows an analogy that illustrates the assumed mechanism together with a simulation. The
mechanism may be compared with people in a governmental job hierarchy. If the promotion
is stronger than the achieved level, they will make a further and discrete step uphill. In
contrast, if the promotion fades away, the achieved level is maintained. Thus, the cells
become determined according to the highest concentration to which they were exposed for
at least a certain period. This pattern of gene activity is maintained even if the signal fades
away, for instance, due to a growth-provoked increasing distance of the cells to the signal
source. Cells maintain their obtained gene activation independent of the signal.

7. Finer subdivsion of the developing embryo
The mechanisms described above provide an explanation only for early steps of development.
Mechanisms involved in the further subdivision can be summarized here only in a superficial
manner [6].
For the patterning of a higher organism the generation of two orthogonal axes, anteroposterior (head-to-tail) and dorsoventral (back-to-belly), is crucial. A cylinder-coordinate system
would be most appropriate for patterning a roughly tube-like organism. This requires a midline organizer that acts as a positional landmark for the dorsoventral axis. In vertebrates,
the spinal cord is a direct result of this midline organizer. Modeling revealed that the formation of a solitary signaling source with a long extension in anteroposterior orientation and
a very narrow extension perpendicular to it is a subtle pattern-forming problem. Signaling,
for instance by diffusion, spreads in all directions with the same rate. Thus, it is non-trivial
that a structure emerges that has very different extensions along the two main body axes.
Nature found very different solutions [17]. In vertebrates, for example, a moving organizer
leaves behind the midline, essentially similar to an airplane that leaves behind a narrow and
long-extended vapor trail.
Comparisons of gene expression patterns suggested that ancestral hydra-like, radial-symmetric
organisms with a single opening of the gastric cavity evolved into the brain of higher organism; the trunk is an evolutionary later invention [18]. As the rule, also during development
of individual animals, first the formation of the brain is initiated. The trunk is initiated at
later stages and becomes sequentially elongated until the tail is formed. For the generation
of insect segments it was predicted reactions are involved in which feedback loops exclude
each other locally but activate each other on a longer range [5]. Such an interaction enforces
a stable neighborhood of differently determined cell types. An arrangement in stripes is an
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especially preferred pattern since the long common border allows an efficient mutual stabilization. Such stripe-like gene activations are essentially the basis of the colored rings visible
on the abdominal segments of many insects. The segment polarity genes in Drosophila follow
this scheme [19, 6].
For the initiation of substructures such as legs and wings, modeling predicted that differentiation borders and especially their intersections play an important role [5, 20]. Regarding
an embryo as a cylinder, a border at a particular position along the anteroposterior axis circumvents the body in a belt-like manner. Together with a border half-way between the back
and belly side, two intersections of these borders are formed, one on the left and one on the
right side of the organism. Around these intersections, the coordinate systems for arms, legs
or wings are formed. The resulting pairs of structures have necessarily the correct position,
orientation in relation to the body axes and both have opposite handedness - nobody has
two left arms. The inner and the outer sides of our hands are different since they derived
from different sides of the organizing back-to-belly border.
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Figure 6: Netlike structures. (a-d) Natural examples: nerve cells in the brain of a fly (a), blood
vessels in a chicken embryo (b), trachea in insects (c) and the venation of a leaf (d). (e) Model [5,
27]: long filaments can be formed in the wake of a shifting tip signal. A local signal (red), generated
by an activator-inhibitor system (see Figures 2 and 3), leads to by a switch-like activation of a
particular gene; causing differentiation of the corresponding cell (blue square; see Figure 5). Newly
differentiated cells become part of the net-like structure that removes a substrate (green) from the
surrounding cells. This leads to a shift of the signals towards a higher substrate levels, causing
the newly activated cells to differentiate too, and so on. A small baseline activator production in
the filaments can initiate lateral branches if sufficient substrate is available. (f ) Splitting of the tip
signals can lead to bifurcations (see Figure 7). Alternative realizations include elongation of single
cells at the tips (as in nerve cells) or local proliferation of tip cells.
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Essential for higher organisms are filament-like branching structures, required to supply the
tissue with oxygen, nutrition, water and information. Although looking very complex, the
basic structure can be generated by a relatively simple mechanism (Figure 6). Local signals
induce the elongation of the filaments, which remove a substrate from the tissue. Since the
tip-forming signals depend on this substrate, the tip signals shifts towards higher substrate
concentrations, elongating the filaments. The filaments appear behind the moving signals
and extend into regions that need supply. Initiation of lateral branches or bifurcations at the
tips is correctly described.
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Figure 7: Peak splitting in speciation and pattern formation. Speciation is proposed to be a patternforming process. The self-enhancing reproduction of creatures with a particular phenotype combined
with broader competitive effects causes that only particular phenotypes exist. A possibility for the
appearance of a new species is a splitting of an existing species without a preceding geographic
separation, the so–called sympatric speciation [14, 15]. This corresponds to a peak splitting in the
analogy of pattern formation and speciation. (a) In an activator-inhibitor system, saturation of the
self-enhancement (introduced by replacing 𝑎2 by 𝑎2 /(1 + 𝜅𝑎2 ) in the production term of Equation 1).
Saturation, switched on at the time indicated by the arrow leads to a broadening of a peak. Cells at
the flanks are then in a better situation than those at the center since they can dump the inhibitor
more easily into the non-activated neighborhood. Cells at the center may become de-activated; the
two resulting peaks drift away from each other. (b) Split of a maximum in an activator-depleted
substrate model in a growing field [6, 8, 22]. If the self-activation needs resources that are obtained
from the surrounding, a split can occur if the resources (here a substrate) can be obtained from
regions that enlarge due to growth. After the split, the maxima shift towards regions in which more
substrate is available.

8. Speciation as a pattern-forming process
There is not a continuous spectrum of birds from a sparrow to an eagle. The same general
principle, local self-enhancement and long-range inhibition seems to be relevant for keeping
species discrete. Formally, species can be described as peaks in a multidimensional parameter
space of possible phenotypes. The self-enhancing reproduction of species with a particular
phenotype combined with broader competitive effects leads to a sharpening of such peaks in
the landscape of pheno- and genotypes.
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Whether new species can arise without a preceding geographical separation was controversially discussed for long. Meanwhile, however, examples have been observed [14]. Theoretical considerations suggested that under certain conditions a so–called sympatric speciation
should be possible [15]. In terms of the parallels between speciation and pattern formation,
sympatric speciation would correspond to the splitting of a single peak into two. This is nontrivial since from the long-ranging inhibition a sharpening of the distributions is expected.
However, peak splitting is also an important process in several pattern-forming processes.
During lung development, for instance, local maxima specify the tip of a growing branch. If
sufficient space is available, such peaks can split, causing a bifurcation of a branch, a process of obvious importance to generate the complex branching tree of a lung [16]. (see also
Figure 6). The mechanism that leads to peak splitting is described in Figure 7.
Taking together, splitting of concentration peaks in the real space during development and
splitting of a species into two can be regarded as two formally analogous processes: Sharpening due to self-activation and long-ranging antagonistic effects, and flattening of distributions
due to limitations in the self-enhancement, eventually followed by a deactivation at the centers.

9. Pattern formation in time
The pulsing heart or the firing of nerve cells exemplify that pattern formation in time is
likewise a very important element in the development of a higher organism. Remarkably, the
same reaction types used above to account for the generation of stable patterns in space are
also able to account for oscillating or pulsing patterns. An everyday example should illustrate
the situation. The infection with few viruses is sufficient to initiate, for instance, a flu. A
virus infection shows clearly the feature of self-activation as mentioned above. Initially the
viruses proliferate in an avalanche-like fashion. As a rule, it takes about two days to become
sick. The immune system acts as an antagonistic reaction. However, the action of the immune
system takes more time, about a week to get rid of the virus. More generally speaking, a
way to obtain oscillating systems or systems that show a burst-like activation consists of a
self-enhancing reaction that is antagonized by a reaction that has a longer time constant.
Also the ups and downs of the economy or the stock market have clearly this origin. An
upswing is a self-enhancing process: if the economy flourishes, others are more willing to
make further investments. However, after a while, counteracting elements such as market
saturations etc. become more and more important until the boom collapses.

10. The pigment pattern on the shells of tropical mollusks: a natural
picture book to study pattern formation in space and time
The pigment patterns on the shells of tropical mollusks are a most interesting system in which
a diversity of such patterns can be studied [21, 22]. Mollusks can enlarge their shells only
38
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Figure 8: Elementary patterns and their counterpart in pigmentation
patterns
on shells of mollusks.
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Mollusks enlarge their shells only at the margin of the shell
when
also
the
pigment
is inserted. The
, )- $ .
two-dimensional pigment patterns preserve, therefore, a time record of a one-dimensional pattern
/ 0 * ) 1 2 * ' 3 result if the antagonistic
4+ 5 )6 )*' 3
that was generated along the growing edge. (a, d) Stable patterns
reaction
spreads more rapidly than the activator and has a sorter time constant (see Figures 2 and 3). On
shells this leads to stripes parallel to the direction of growth. (b ,e)
A longer time constant of the
4+ 5 )6 )*' 3
antagonist leads to oscillations. Some spread of the activator leads to the synchronization of the
individual oscillators. In the time record, this leads to stripes parallel to the growing edge. (c,
f ) If the activator spreads slowly but the antagonist is cell-local, travelling waves may result; one
activated cell infects the next. On the shells this leads to oblique lines. The annihilation of two
waves upon collision leads in the time record to the V-like pattern elements; a reversed V indicates
a spontaneous trigger [21, 22].

at the growing edge. As a rule, only there is the pigment inserted. Thus, pigment patterns
are natural time records of a one-dimensional pattern-forming process. Like in weaving of
a carpet, new the pattern elements are added line by line. Observing a particular line on
the shell, i.e., the pattern on a particular moment, one can see what happened in the past
and what will happen in the future. Obviously there was no strong selective pressure for the
formation of a particular pattern - nature was able to play. An enormous diversity of patterns
evolved. Examples of elementary patterns based on stable patterning, on global oscillations,
and on travelling waves are shown in Figure 8; more intricate patterns follow in Figure 9.
In an activator-inhibitor system the activation will oscillate if the inhibitor reacts too slowly
upon a change in the activator concentration. This is the case if the removal rate of the
inhibitor is lower than that of the activator, i.e., if 𝜈 < 𝜇 in Equation 1. As shown in Fig
8b, this leads to burst-like activations. If sufficient inhibitor has accumulated, the activation
breaks down. The remnant inhibitor decays during a refractory period until a new trigger is
possible.
The actual patterns generated under these conditions also depend on the spread of the com-
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ponents. If the activation spreads rapidly, more or less synchronous oscillations will occur
(Figure 8b). In contrast, if the self-enhancing component spreads slowly while the antagonistic reaction is local, travelling waves can result (Figure 8c). Such a wave-like spreading is
well-known. A wave of influenza infections can sweep over a country. The formation of a fire
front in a forest fire also has this origin. Characteristic is that such waves annihilate each
other upon a collision. A wave cannot enter in a region that became refractory due to the
counter wave.
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Figure 9: Pattern on two tropical sea shells and their simulations based ont the superposition of two
patterning systems. (a) The pigment reaction in Conus marmoreus is assumed to be controlled by
an ON-OFF pattern-forming system. It slowly expands in the course of time. In the time record
this leads to the black triangles. After a certain ON-period, a second reaction is triggered that
extinguishes the first (red in the simulation, not visible on the shell), causing the beginning of the
white drop-like pattern. The activation of the pigment production survives at the margins, from
which the activation spreads again in both directions, causing a subsequent black triangle, and so
on. (b) For the patterning on Clithon oualaniensis it is assumed that the cells along the growing
edge are usually in a stable steady state (grey background). It provides the precondition for an
almost synchronous oscillation of a second system (black stripes). A feedback of the oscillation
onto the steady state reaction is required to maintain the high steady state. After some oscillations,
the system becomes exhausted; the next pulse comes too late for refreshing. The cells switch into
a low steady state level and the oscillations stop (white tongue-like pattern). The required steady
state pattern becomes restored from unaffected areas (oblique lines). Afterwards the synchronous
oscillations proceed for a while until the next breakdown occurs at another position.

11. Destabilization of recently established patterns
Very interesting patterns result if maxima become quenched shortly after their generation.
This requires two antagonistic reactions; a long-ranging, fast-reacting component to generate
a pattern in space and a longer-lasting, short-ranging antagonistic reaction that accomplishes
the quenching. Reactions of this type lead to highly dynamic patterns that never reach a
steady state. Since minute differences have a strong influence on the newly-generated pattern,
these systems can display a chaotic behavior that never repeats. Figure 9 shows two examples
of pattern formation on sea shells. In Conus marmoreus (Figure 9a) the pigment-producing
reaction spreads moderately. After a while, a second extinguishing reaction is triggered
that stops the first. Although this reaction looks somewhat exotic, the initiation, spread
and termination of blood coagulation in vertebrates has a similar base. A leakage of blood
from a vessel triggers a wave of coagulation, as it is required to seal rapidly also a large
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wound. To make sure that the blood of the entire body does not coagulate, this reaction
prepares a second reaction that triggers with some delay, spreads more rapidly and stops the
coagulation. Both effects together lead to the rapid formation of a large blood cloth that
remains, nevertheless, spatially restricted.
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Figure 10: Highly dynamic patterning in a single cell to allow a sensitive chemotactic orientation.
(a) Cells can protrude extension towards a signaling source. With growth cones, nerves cells have a
special sensory device to detect orienting cues for orienting their extensions. (b) Model: isolated signals for pseudopod formation (green) are generated by a saturating self-enhancing reaction together
with an inhibition that covers the whole cell (not shown). Maxima appear preferentially at the side
where the guiding signal is higher (blue, the highest level is indicated by an arrow). A second antagonistic component (pink) quenches the signal locally after a certain time interval. Thus, signals
for pseudopods appear and disappear permanently at the cell surface, preferentially at the side that
has an advantage due to the external signal. (c) Although the guiding asymmetry is minute, after
a change in the direction of the guiding signal, the internal signals emerge at the new high side.
The generation and removal of local signals at the cell cortex continues even in the absence of an
external signal [21, 24].

A pattern, once generated, can react in several ways on a local quenching. Either maxima
shift to an adjacent position at which the quenching is still low. Repeating such shifts leads
to wave formation. Such waves can emerge spontaneously and do not require a pacemaker
for their initiation. Alternatively, maxima may collapse and other maxima appear instead at
other and more distant positions.
It turned out that these types of reactions are frequently observed in very different developmental situations. Examples are the out-of phase oscillation in the bacterium E.coli to find
the center of the cell for initiating cell division at the appropriate position [23], the generation
of travelling waves that separate the barbs of avian feathers from each other and the generation of highly dynamic signals at the membrane of chemotactic cells to form protrusions
for moving towards a target region [24]. In the latter case, the ongoing disappearance of
41

Models of biological pattern formation in space and time

Volume 7
Summer 2014

maxima soon after their establishment allows that new peaks emerge continuously. Small
external asymmetries can direct where the new protrusions appear. The cells maintain their
extreme sensitivity to external signaling since they can strongly amplify minute differences
without being trapped by a primary decision. In this way, the cells can orient their movement
towards a target region (Figure 10). Recently it has been shown that yeast cells use the same
mechanism —generation of a pattern with subsequent local quenching— to detect minute
pheromone differences for elongating protrusion towards cells of the other mating type [28].

12. Our fantasy or our dreams - based on pattern-forming systems
that change permanently due to destabilization?
In the examples given above, the activity patterns change all the time and continue with this
dynamic remodeling even in the absence of any signal from the outside. The highly dynamic,
possibly chaotic behavior is an intrinsic property of the system. And yet, the patterns can
be highly sensitive to external influences.
Presumably the generation of patterns by self-organizing systems is also relevant for understanding the flow of our conscious experience in time. Our nightly dreaming may be an
analogous self-organizing process on a much higher level. Certainly, our dreaming has roots
in what we have experienced but then it proceeds in an autonomous manner. At a certain
state, our brain generates a subsequent one, and so on, leading to a sequence of states that
we interpret as pictures. Usually, this proceeds without additional inputs from the outside.
The course of a dream is most likely unpredictable in principle. Even if we would have all
possible data about the initial condition of the brain, minute differences that build up during
the process are presumably sufficient to cause a completely different course in time.
Obviously, our brain is able to extrapolate from a certain state to the next, giving rise to a
series of self-organized patterns. If we are awake, this ability must be carefully controlled,
otherwise we would not have a realistic view of the world; we would hear voices or would see
things that are not there, as it is the case in a dream. Presumably, however, the ability of our
brain to extrapolate a situation is a most important feature also if we are awake. It allows us
to make predictions of what will happen if we assume a particular starting situation, pleasing
or frightening. We extrapolate from one situation to the next and generate in this way a
hypothetical causal chain of events. Considering the outcome of this chain of brain-generated
hypothetical patterns allows us to make a decision in the actual situation.
The ability of our brain for a self-organizing interpolation is presumably also important in
another context. The precision of our memory, for instance, for the record of a building, a
face or a landscape is restricted. Most remarkable, this is not frightening in our subjective
experience. We have the feeling that we remember quite a lot. Only if we try to make a
drawing or try to describe the scene in more details, we realize how little we really remember.
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The self-organization of our brain paints into our picture those parts that we actually don’t
remember. By filling these gaps we don’t feel them.
Understanding something as complex as consciousness is certainly a most challenging topic.
The study of much simpler systems that display a highly dynamic behavior as given in Figsures 9 and 10 can provide insights of how ever changing complex patterns can be generated
that are sensitive to external cues but that are progressing also in their absence.

13. Conclusion
The complex pattering that leads to formation of a higher organism can be separated into
elementary steps. Many such steps have to be linked to each other; each provides the precondition and the spatial asymmetries to initiate the next process in a reliable way. Each
of these steps depends on biochemical reactions that require time for their completion. Several of these reactions have a strong capability of self-regulation including regeneration of
lost parts. Pattern formation requires non-linear self-enhancing components balanced by
antagonistic reactions of longer range. An additional positive feedback leads to very stable
patterning that can adapt to different field sizes (Figure 4). In contrast, destabilization with
some time lag can lead to ever changing patterns that can be unpredictable in the details
but highly sensitive to external signals (Figsures 9 and 10). As in other branches of science,
mathematical formulation combined with computer simulation provides a substantial help to
understand these complex but vitally important processes.
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